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Biaxial Nematic Phase in Mixtures of a Liquid
Crystal and a Rodlike Polymer

AKIHIKO MATSUYAMA

Department of Bioscience and Bioinformatics, Faculty of Computer
Science and Systems Engineering, Kyushu Institute of Technology,
Iizuka, Fukuoka, Japan

A simple mean field theory is introduced to describe a biaxial nematic phase in mix-
tures of a low-molecular-weight liquid crystalline molecule (LC) and a rigid-rodlike
polymer (ROD), such as carbon nanotubes (CNTs) and liquid crystalline polymers.
When the two components favor perpendicular orientations, we predict a biaxial
nematic phase on the temperature-concentration plane, depending on the anisotropic
interaction between ROD and LC.

Keywords Biaxiality; carbon nanotubes; liquid crystal; phase separation; rodlike
polymer

1. Introduction

A biaxial nematic phase has been predicted theoretically by Freiser [1], based on a
generalized Maier-Saupe theory for thermotropic nematic liquid crystals. Since then,
the existence of a stable biaxial nematic phase has been a challenge from experimental
[2–11], computational [12–14], and theoretical point of view [15–18] (for recent review
see [19]). Biaxiality occurs if anisotropic particles orient along a second axis perpen-
dicular to a main director. In a recent experiment the biaxial nematic phase has been
observed in colloidal dispersions of board-like particles [20]. For its fast response [21]
the biaxial nematic phase can have a significant advantage in display applications.

Recently, we have presented a mean field theory to describe phase separation in
a mixture of a low-molecular-weight liquid crystal (LC) and a long rigid-rodlike
polymer (ROD), such as carbon nanotube (CNT) [22–25] or liquid crystalline poly-
mers. For ROD=LC mixtures we have predicted three nematic phases, N0, N1, N2.
We used the orientational order parameter S1 for LC and S2 for ROD [26]. (Note
that the notation is changed from that used in Ref. [26]). The nematic phase, N0,
shows ROD and LC parallel to each other: S1> 0 and S2> 0. On the other hand,
when the order parameter of one component is positive, determining the nematic
director, and the order parameter of the second component is negative, we have
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planar nematic phases, where the second component is randomly oriented within the
plane perpendicular to the director. We then have a nematic phase, N1, with S1> 0
and S2< 0, where the nematic director can be defined by an average orientation of
LC, and a nematic phase, N2, with S1< 0 and S2> 0, where the nematic director can
be given by an average orientation of ROD. On increasing the concentration of rods,
the nematic phase, N1, changes to N2 [26]. In N1 and N2 we can expect either a
uniaxial or a biaxial nematic phase.

Figure 1 shows schematically the biaxial nematic in a ROD=LC mixture, where
the two components favor mutually perpendicular orientations. In the N1 phase we
can expect the excluded volumes between rods to increase on increasing concen-
tration of rods. Hence, long-range ordering of rods along the minor director m, per-
pendicular to the major director n of LC can form, yielding a biaxial nematic (N1b)
phase. In the N2 phase, we can have a biaxial nematic (N2b) phase, where the
additional ordering of LC appears in the direction n (which is the minor director
in this case), perpendicular to the major director m of ROD.

Although, biaxiality has been studied in quantum spin system [27], thermotropic
LCs [7–11,14], lyotropic LCs [2,3], anisotropic colloidal dispersions [20], liquid crys-
talline polymers [6,28], and mixtures of rodlike and disk-like molecules [29–31], it has
not been studied for ROD=LC mixtures.

In this paper we present a simple mean field theory to describe phase diagrams
with the biaxial nematic phase of ROD=LC mixtures. We predict an unstable, a
metastable, and a stable biaxial nematic phase on the temperature-concentration
plane, depending on the interaction between a ROD and a LC.

2. Free Energy

We consider a binary mixture of N1 LC molecules of length L1 and diameter d1 and
N2 rods of length L2 and diameter d2: L2>>L1. The volume of the LC molecule and
that of the rod are given by v1¼ (p=4) d1

2L1 and v2¼ (p=4) d2
2L2, respectively. Here,

we assume that d� d1¼ d2. Let q1(u) and q2(u) be the number density of LC and

Figure 1. Biaxial nematic phase in mixtures of long rods and short LCs, which favor perpen-
dicular orientations. Rods on an easy plane induce the additional ordering in the direction m

perpendicular to the major director n of LCs. (Figure appears in color online.)
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ROD, respectively, with the orientational unit vector u¼fh, ug, defined by the polar
angle h (0< h< p) and the azimuthal angle u (0<u< 2p).The free energy, F, of the
dispersion at the level of second virial approximation is given by

bFðN1;N2Þ=V ¼
X
i¼1;2

ci½bl�i þ ln ci � 1� þ
X
i¼1;2

ci ln½4pfiðuÞ�dX

þ 1

2

X
i;j¼1;2

cicj

Z Z
fiðuÞfjðu0Þbijðu; u0ÞdXdX0; ð1Þ

where ci¼Ni=V is the number density, dX¼ sin h dh du, l�i is the standard chemical
potential of a particle type i (i¼ 1, 2), b� 1=kBT; T is the absolute temperature, kB is
the Boltzmann constant, bij¼ 1� exp[�buij] is the Mayer-Mayer function, uij is the
interaction energy between particles i and j, and fi(u) is the orientational distribution
function of the component i.

For the interaction between LC molecules in Eq. (1) we take the attractive
Maier-Saupe interaction [32]

b11 ¼ �n1t1P2ðcos cÞ; ð2Þ

where c is the angle between the molecular orientation vectors u and u0, V1¼U1=
kBT> 0 and P2(cos c)¼ 3(cos2 c�1=3)=2. For the interaction between long rods
we take both the attractive interaction and excluded volume into account. It yields

b22 ¼ 2L2dju� u0j � n2t2P2ðcos cÞ; ð3Þ

where the first term represents the excluded volume interaction between rods [33]
and v2�U2=kBT> 0. The interaction between LC molecules and rods is given by

b12 ¼ �n12t12P2ðcos cÞ; ð4Þ

where the coupling constant v12¼U12=kBT can be positive or negative [26]. Here we
assume that the excluded volume between LC molecules can be neglected.

Nowwe expand ju� u0j ¼ sin c in Legendre polynomials up to the second-order: sin
cffi p=4� 5p=32P2(cos c), andmake use of the addition theorem for spherical harmonics

P2ðcos cÞ ¼ P2ðcos hÞP2ðcos h0Þ þ 2
X2
k¼1

ð2� kÞ!
ð2þ kÞ!P

k
2ðcos hÞPk

2ðcos h
0Þ cos½kðu� u0Þ�:

ð5Þ

The terms proportional to the associated Legendre polynomials (Pk
2) will vanish in the

uniaxial nematic phase, where the orientational distribution function does not depend
on the azimuthal angle. In the biaxial nematic phase, however, the terms P2

2 give a finite
contribution. The orientational order parameter Si (i¼ 1, 2) of the uniaxial nematic
phase is given by [34]

Si ¼
Z

P2ðcos hÞfiðh;uÞdX: ð6Þ
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The biaxial order parameter is given by

Di ¼
Z

Dðh;uÞfiðh;uÞdX; ð7Þ

where D(h, u)� (
p
3=2) sin2 h cos(2u). Using the tensor order parameter Si,ab¼

(3=2)Si(nanb� dab=3), (a, b¼ x, y, z), we have Di¼Si,yy�Si,xx and Si¼Si,zz [34]. Here
Si,zz describes alignment of molecules along the z axis (major director), whereas the non-
zero value of Di gives ordering along the x or y axis. Then Eq. (5) can be given by P2(cos
c)¼P2(cos h)P2(cos h0)þD(h, u)D(h0, u0). Using the order parameters Si, Di we can
identify: (a) the isotropic (I) phase with Si¼Di¼ 0; (b) the uniaxial (N1) phase: S1> 0,
S2< 0, Di¼ 0; (c) the uniaxial (N2) phase: S1< 0, S2> 0, Di¼ 0; (d) the biaxial (N1b)
phase: S1> 0, S2< 0, Di 6¼ 0; and (e) the biaxial (N2b) phase: S1< 0, S2> 0, Di 6¼ 0.

To describe phase behavior of the ROD=LC blends, we calculate the free energy
of mixing for the binary mixtures [35]:

DF ¼ FðN1;N2Þ � Fið0;N2Þ � FiðN1; 0Þ; ð8Þ

where the Fi(N1, 0) and Fi(0, N2) are the reference free energies of the pure LC and
the pure ROD in the isotropic phase, respectively. Substituting Eqs. (1–7) into (8),
we obtain

a3bDF=V ¼ /1

n1
ln/1 þ

/2

n2
ln/2 þ v/1/2

þ
X2
i¼1

/i

ni

Z
fiðuÞ ln½4pfiðuÞ�dX� 1

2
n1/

2
1ðS2

1 þ D2
1Þ

� n12/1/2ðS1S2 þ D1D2Þ �
1

2
ðn2 þ 5=4Þ/2

2ðS2
2 þ D2

2Þ; ð9Þ

where v¼U0=kBT is the isotropic Flory-Huggins interaction between ROD and LC
[36], /1¼ v1N1=V and /2¼ v2N2=V are the volume fractions of LC and ROD,
respectively. Using the axial ratio n1¼L1=d of LC molecules and n2¼L2=d of rods,
the volume of the molecules is given by v1¼ a3n1 and v2¼ a3n2, where a3¼ (p=4)d 3.
Here we assumed that the system is incompressible i.e., /1þ/2¼ 1. Then the total
volume of the system is given by V¼ a3(n1N1þ n2N2). The terms v2 and 5=4 in Eq.
(9) correspond to the attractive and excluded volume interactions between rods,
respectively. When n12< 0, LCs prefer to align, on average, perpendicular to rods,
which lowers the free energy. Then the values of S1 and S2 have opposite sign. This
corresponds to N1 or N2 phase.

Minimizing (9) with respect to fi(u) with the normalization conditionR
fi(u)dX¼ 1, we obtain the orientational distribution functions for LC

f1ðuÞ ¼
1

W0
exp C1;nP2ðcos hÞ þ C1;bDðuÞ

� �
; ð10Þ
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and for ROD

f2ðuÞ ¼
1

I0
exp½C2;nP2ðcos hÞ þ C2;bDðuÞ�; ð11Þ

where

C1;n ¼ n1½n1/1S1 þ n12/2S2�; ð12Þ

C1;b ¼ n1½n1/1D1 þ n12/2D2�; ð13Þ

C2;n ¼ n2½ðn2 þ 5=4Þ/2S2 þ n12/1S1�; ð14Þ

C2;b ¼ n2½ðn2 þ 5=4Þ/2D2 þ n12/1D1�: ð15Þ

The constants I0 and W0 can be obtained from the normalization condition.
Substituting Eqs. (10) and (11) into (9) we get

a3bDF=V ¼ /1

n1
ln /1 þ

/2

n2
ln /2 þ v/1/2 þ

1

2
n1/

2
1ðS2

1 þ D2
1Þ

þ n12/1/2ðS1S2 þ D1D2Þ þ
1

2
ðt2 þ 5=4Þ/2

2ðS2
2 þ D2

2Þ

� /1

n1
ln
W0

4p
� /2

n2
ln

I0
4p

; ð16Þ

We calculate the phase diagrams of this system for different concentrations by
using the standard common-tangent construction to find coexisting phases (binodal
lines). The spinodal region, which separates unstable and metastable states can be
calculated from the inflection point condition, (@2f=@2/2)T¼ 0, for the free energy
[35]. For numerical calculations we introduce the reduced temperature s¼T=TNI,
where TNI stands for the nematic-isotropic phase transition (NIT) temperature of
the pure LC. Using s, the interaction parameter n1 is given by n1¼ 4.55=(n1s) [26].
In the following we set n1¼ 2, n2¼ 10, v2¼ 0, and v¼ n1=10 for a good solvent
condition.

3. Phase Behavior

In this section we show some results of biaxial nematic phases. Figure 2(a) shows
the phase diagram numerically calculated for n12=n1¼�0.5. Black lines show the
binodal and the broken lines show the spinodal. The red (blue) dotted-lines show
a first (second)-order phase transition, where the order parameters change discon-
tinuously (continuously). The biaxial nematic phase, which includes the unstable
biaxial phase N1bu, the metastable biaxial phase N1bm, and the stable biaxial phase
N1b, is indicated by the blue area. Such biaxial nematic phase is induced by the
excluded volume interaction between rods dispersed in the N1 phase to maximize
the entropy, as discussed in Figure 1. For example, at s¼ 1.05, we have the phase
separation (IþN2) between I at /2¼ 0.14 and N2 at /2¼ 0.63. Inside the binodal
lines we find the first-order I-N1b phase transition at /2¼ 0.2 and the first-order
N1b-N2 phase transition at /2¼ 0.5. Between the spinodal lines (broken-lines), we
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have unstable regions N1bu and N2u, where the system is initially unstable with
respect to orientational ordering but metastable to concentration fluctuations when
the phase separation progresses.

Between the binodal and spinodal lines, we have metastable regions: isotropic
(Im) and nematic (N2m). Above /2¼ 0.63, we have a stable N2 phase. We also find
the three-phase coexistence, or triple point (TP), between N1þ IþN2 at s¼ 0.98.
Below TP, we have the N1þN2 phase separation. At low concentrations the
N1þ I phase separation appears. Inside the binodal curves we also find an unstable
nematic region (N1u) and a metastable one (N1m). We also find a tricritical point
(TCP, solid circles), at which the first-order phase transition (red dotted-line) meets
the second-order one (blue dotted-line). Below TCP, we find the second-order N1-
N1b and I-N1b phase transitions. Figure 2(b) shows the order parameters S1, S2,
D1, and D2 as function of the volume fraction of rods at s¼ 1.02. The first-order
I-N1b phase transition occurs at /2¼ 0.18 and the first-order N1b-N2 phase transition
takes place at /2¼ 0.52.

On increasing the repulsive interaction n12 between ROD and LC, or more
favored perpendicular orientations, the TP temperature shifts to higher values and
the stable biaxial nematic phase (N1b) appears [37]. A recent Monte Carlo simulation
for a mixture of rod-like and disk-like molecules has shown that normal alignment of
the two components causes a stable biaxial phase to appear due to the anisotropic
interaction between rods and disks [31].

Duran et al. [38] have observed in CNT=LC mixtures that the NIT temperature
of the LCs is enhanced by the incorporation of CNT and suggested that this
enhancement can be attributed to anisotropic coupling between CNT and LC. These
studies would demonstrate the validity of our mean field theory.

4. Summary

We have presented a simple mean field theory to describe biaxial nematic phases in
rod=LC mixtures. We have predicted a variety of phase separations. When the two
components favor a mutually perpendicular orientation, rods dispersed in nematic

Figure 2. (a) Phase diagram on the temperature (s¼T=TNI) – volume fraction (/2) plane for
n12=n1¼�0.5 and (b) order parameters at s¼ 1.02. See text for the details. (Figure appears in
color online.)
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LCs can induce biaxiality. The perpendicular alignments of rods and LCs can be
achieved by wrapping polymers or surfactants on nanotube’s surface [24,25]. Hence
it controls the balance between the attractive Van der Waals interaction and the
excluded volumes between rods. These modifications can change the strength of
the interaction parameter n12 in our model and give a possibility of a novel biaxial
phase in this mixture.

Acknowledgment

This work was supported by Grant-in Aid for Scientific Research (C) (Grant No.
19540428) and that on Priority Area ‘‘Soft Matter Physics’’ from the Ministry of
Education, Culture, Sports, Science and Technology of Japan (Grant No. 21015025).

References

[1] Freiser, M. J. (1970). Phys. Rev. Lett., 24, 1041.
[2] Yu, L. J., & Saupe, A. (1980). Phys. Rev. Lett., 45, 1000.
[3] Galerne, Y., & Marcerou, J. P. (1983). Phys. Rev. Lett., 51, 2109.
[4] Li, J. F., Percec, V., Rosenblatt, C., & Lavrentovich, O. D. (1994). Europhys. Lett., 25,

199.
[5] Chandrasekhar, S., Nair, G. G., Rao, D. S. S., Prasad, S. K., Praefcke, K., & Blunk, D.

(1998). Liquid Cryst., 24, 67.
[6] Severing, K., & Saalwachter, K. (2004). Phys. Rev. Lett., 92, 125501.
[7] Madsen, L. A., Dingemans, T. J., Nakata, M., & Samulski, E. T. (2004). Phys. Rev. Lett.,

92, 125505.
[8] Acharya, B. R., Primak, A., & Kumar, S. (2004). Phys. Rev. Lett., 92, 125506.
[9] Merkel, K., Kocot, A., Vij, J. K., Korlacki, R., Mehl, G. H., & Meyer, T. (2004). Phys.

Rev. Lett., 93, 237801.
[10] Severing, K., & Saalwachter, K. (2004). Phys. Rev. Lett., 92, 125501.
[11] Figueirinhas, J. L., Cruz, C., Filip, D., Feio, G., Ribeiro, A. C., Frere, Y., Meyer, T., &

Mehl, G. H. (2004). Phys. Rev. Lett., 94, 107802.
[12] Hudson, S. D., & Larson, R. G. (1993). Phys. Rev. Lett., 70, 2916.
[13] Biscarini, F., Chiccoli, C., Pasini, P., Semeria, F., & Zannoni, C. (1995). Phys. Rev. Lett.,

75, 1803.
[14] Pelaez, J., & Wilson, M. R. (2006). Phys. Rev. Lett., 97, 267801.
[15] Alden, R. (1973). Phys. Rev. Lett., 30, 778.
[16] Straley, J. P. (1974). Phys. Rev. A, 10, 1881.
[17] Toledano, P., & Figueiredo Neto, A. M. (1994). Phys. Rev. Lett., 73, 2216.
[18] Palffy-Muhoray, P., & Hoatson, G. L. (1991). Phys. Rev. A, 44, 5052.
[19] Tschierske, C., & Photinos, D. J. (2010). J. Mater. Chem., 20, 4263.
[20] van den Pol, E., Petukhov, A. V., Thies-Weesie, D. M. E., Byelov, D. V., & Vroege, G. J.

(2009). Phys. Rev. Lett., 10, 258301.
[21] Luckhurst, G. R. (2001). Thin Solid Films, 393, 40.
[22] Iijima, S. (1991). Nature, 354, 56.
[23] Song, W., Kinloch, I. A., & Windle, A. H. (2003). Science, 302, 1.
[24] Zhang, S., & Kumar, S. (2008). Small, 4, 1270.
[25] Badaire, S., Zakri, C., Maugey, M., Derre, A., Barisci, J. N., Wallace, G., & Poulin, P.

(2005). Adv. Mater., 17, 1673.
[26] Matsuyama, A. (2010). J. Chem. Phys., 132, 214902.
[27] Chandra, P., & Coleman, P. (1991). Phys. Rev. Lett., 66, 100.
[28] Leube, H. F., & Finkelmann, H. (1991). Macromol. Chem., 192, 1317.
[29] Varga, S., Galindo, A., & Jackson, G. (2002). Phys. Rev. E, 66, 011707.

48 A. Matsuyama

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
C

al
if

or
ni

a,
 S

an
 D

ie
go

] 
at

 1
2:

12
 0

7 
A

ug
us

t 2
01

2 



[30] Wensink, H. H., Vroege, G. J., & Lekerkerker, H. N. W. (2002). Phys. Rev. E, 66, 041704.
[31] Cuetos, A., Galindo, A., & Jackson, G. (2008). Phys. Rev. Lett., 101, 237802.
[32] Maier, W., & Saupe, A. (1959). Z. Naturforsch, 14a, 882.
[33] Onsager, L. (1949). Ann. N. Y. Acad. Sci., 51, 627.
[34] de Gennes, P. G., & Prost, J. (1993). The Physics of Liquid Crystals, 2nd ed., Oxford

Scientific: London.
[35] Matsuyama, A. (2010). Thermodynamics of Flexible and Rigid Rod Polymer Blends. In:

Encyclopedia of Polymer Blends, Isayev, A. I. (Ed.), Chapter 2, WILEY-VCH: Weinheim,
Vol. 1, 45.

[36] Flory, P. J. (1956). Proc. R. Soc. London Ser. A, 73, 234.
[37] It will be published elsewhere.
[38] Duran, H., Gazdecki, B., Yamashita, A., & Kyu, T. (2005). Liq. Cryst., 32, 815.

Biaxiality of Rod/LC Mixtures 49

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
C

al
if

or
ni

a,
 S

an
 D

ie
go

] 
at

 1
2:

12
 0

7 
A

ug
us

t 2
01

2 


